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ON IRREDUCIBLE POLYNOMIALS OVER FINITE FIELDS 

ZHI-WEI SUN 

Abstract. For n ~ 1,2,3,... let Nn{q) denote the number of monic 
irreducible polynomials over the finite field Fg. We show that the se- 
quence ( y/ -^n(9))„>g3+7/(5-i)2 is strictly increasing and the sequence 
( "+^Nn+i{q)l ^7V„(g))„5>5. 835x1014 is strictly decreasing. We also prove 
that if g ^ 9 then {Nn+i{q) / Nn{q))n^i is strictly increasing. 



1. Introduction 

Let Pri denote the ra-th prime for each n G Z+ = {1, 2, 3, . . .}. In number 
theory, Firoozbakht's conjecture asserts that 

^ > "+^p„+i for all n = 1, 2, 3, ... , 

i.e., the sequence (■x/p^)n3:i is strictly decreasing (cf. [R, p. 185]). Though 
this remains unsolved, recently the author [S] was able to show that ( \fS^)n^2 
is strictly decreasing and moreover the sequence ( "'V'S'n+i/ ■\/S^)n^5 is strictly 
increasing, where Sn is the sum of the first n primes. 

Let g > 1 be a prime power and let be the finite field of order q. 
For each n G Z+ we use Nn{q) to denote the number of monic irreducible 
polynomials over Fg. 

In this paper we establish the following new result. 



Theorem 1.1. Let q > 1 be any prime power. Then ( \/^VjJ"(^),„>g3+7/{g-i)2 
is strictly increasing, and the sequence 



^5.835x101 



is strictly decreasing. Also, {Nn+i{q) /Nn{q))n^i is strictly increasing if q ^ 
9, and {Nn+i{q) / Nn{q)) n^i9 is strictly increasing if q <9. 
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Remark 1.1. Our computation suggests that ( \/ Nn{q))n^2 is strictly in- 
creasing and the sequence ( ""^^J Nn+i{(l) / \J Nn{Q))n^no{q) is strictly decreas- 
ing, where no(2) = 14, no(3) = 8, no(4) = no(5) = 6 and no(g) = 4 for 
q> 5. 



2. Proof of Theorem 1.1 



Lemma 2.1. For any integer n > 1 we have 



|niV„(g) - g"| < 



n/p(n)+l 



q-1 



(2.1) 



where p{n) denotes the least prime divisor of n. 
Proof. It is well known that 



d\n 



(see, e.g., [IR, p. 84]), where denotes the Mobius function. So 



|niV„(g) - g"i 



n/p{n) 



n/p(n) _ ^n/p{n)+ 



d=p(n) 

This concludes the proof. 



k=l 



q-1 



< 



q-1 



□ 



Lemma 2.2. Let n > 1 be an integer and set Ln{q) = {q — l)q"' "/^^"^ ^. 
r/ien 



logA^„(g) - log — 



n 



< 



Ln{q) 



(2.2) 



Proof. Clearly N2{2) = 1 and hence (2.2) holds in the case q = n = 2. 

Below we assume that g > 2 or > 2. If > 2 then n — n/p{n) ^ 2. 
So Ln{q) ^ 2. Write nNn{q) = g"(l + r„(g)). By Lemma 2.1, |r„(g)| < 
1/L„,(g) ^ 1/2. Ifr„(g) ^0, then 

g" 1 
^ logiV„(g) - log — = log(l + r„,(g)) ^ r„,(g) < . 

n Ln{q) 

As log(l — x) > —2x for x G (0, 1/2), when r„(g) < we have 

g" -2 
> logiV„(g) - log — = log(l - |r„(g)|) > -2|r„(g)| > — — -. 

^n[q) 



Therefore (2.2) always holds. 



□ 
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Lemma 2.3. Let n > 4 be an integer. We have 

Ln{q) >q-l + -^{q - if + ^ '-{q - if > (2.3) 

Ifn^6, then 

L„(g) - 1 + -^{q - if + {q - If 

72^-12^2 + 44^-48, 

+ is 

Proof. As n — n/p{n) — 1 ^ 2, we have 
Ln{q) 



(2.4) 



q-i 



(1 + (g - l))"-"M«)-i 



>l+{n-^-l]iq-l)+(n-^-l] (n " ' 



p{n) J \ p{n) J \ p{n 

>l+(?-l)(,-l)+f?-l) f?-2^ 



,2 

and hence 

^ , , n — 2 , ,^ in — 2){n — A) , ,o 

L^g) - 1 + ^(g - 1)^ + ^ '-{q - if 

n-2 ^2-672 + 8 in -If 

^1 H \ > ^ —. 

2 8 8 

Similarly, if n ^ 6 then 

= (1 + (g _ l^y~n/p{n)~l 

';^l+ (n- -^-l\{q-l)+ (n- -^-l] (n " " 1) 



p(r;,) J \ p(n) J \ p{n) 

p{n) J V P{n) J V PW J 3! 

2 

- -l] (- - 2] (- - 3^ ~ 



6 

which gives the desired (2.4). □ 

Proof of Theorem 1.1. By Lemma 2.2, for n = 2,3,... we may write 
log A^„(g) - log(g"7n) = Cn/Ln{q) with |c„| < 2. 
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(i) Now let n > [e^\ = 20. Observe that 
logiV„+i(g) logA^„(g) 



> 



> 



n + 1 n 

-—I W5) j - n r« n + Mi) 

logra _ \og{n + 1) _^ Cn+l Cn 

n n + 1 (n + l)L„+i(g) nLn{q) 

logn log(l + l/ra) 2 2 



^(n + l) n+1 (n + l)I^„,+i(g) nLn{q) 

\ogn 1 2 2 



n(n + l) n{n + l) (n + l)L„+i(g) nLn{q)' 
In view of Lemma 2.3, 

nL„(g) > ^^^^(g - 1)^ > ^n(n + l)(g - 1)^ 



and 



(n + > ^ i{q - if ^ -n{n + l)(g - 1)^ 



Therefore 



, "+^iV,+i(g) logn-l-2(7/3 + 21/10)/(g-l)2 

log > ; ^ 

K/Njq) n{n + l) 

logn - 1 - 9/(g- 1)2 
n{n + 1) 

If > e3+^/('?-i)', then logn > 1 + 9/(g - 1)^ and hence > 
(ii) Now we fix an integer n ^ 5.835 x 10^^ and set 

A . ^ 2 logiVn(g) logiV„+2(g) 

An g := — — logAr„+i g — . 

n+1 n n+2 

Observe that 



n+1 \ n + 1 Ln+i{q) J n\ n Ln{q) 

„n+2 „ 

log- 



n + 2 \ n + 2 L„+2('?) 
log n log(n + 2) 2 



log(n + 1) 



n n+2 n+1 

2c„+i C„ C„+2 



(n + l)L„+i(g) nL„(g) (n + 2)L„+2(g) 
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and hence 

^ f ^ 1 2 \ log(l + 2/n) 2 , 

An(g) > - + ^^ logn+ ^ ' ' —log 



n n + 2 n + 1 J n + 2 n + 1 

4 2 2 



+ nLn{q) (ra + 2)L„+2(g) 

21ogn 1 [2 



n(n + l)(n + 2) n + 2 n^y n + 1 n 

4 2 2 



(n + l)L„+i(g) nL„(g) (ra + 2)L„+2(g) ' 

Therefore 



An(g) ^ log n - 1 1 



n{n + l){n + 2) n^{n + 2) 
2 1 



(ra + l)L„+i(g) nLn{q) (n + 2)L„+2(g) 
As n > 58 X 10^'^, by Lemma 2.3 we have 



1 1 + 10"^^ 

< 



v?{n + 2) ra(n + l)(n + 2)' 
1 8 8 + 10-^3 



nLn{q) n{n — ly + + 2) ' 

1 8 8 + 10^13 

< -, < 



{n + l)Ln+i{q) + n(n + l)(n + 2)' 

1 8 8 



< r-, < 



(n + 2)L„+2(g) (n + 2)(n + l)2 n{n + l){n + 2) 

Combining these with (2.5) we obtain 

n(n + l)(n + 2) » , , , , i^x . i 

^ ^ ^-An{q) > logn - 1 - (1 + 10-14) - 3(8 + 10-1 

= logn- (34 + 31 X 10-14) > 
since n ^ 5.835 x lO^^ > e34+3i/ioi4_ ^j^^g 

log — , > log — , 



as desired. 
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(iii) Observe that 

21ogiV„+i(g) - logiV„(g) - log Ar„+2(g) 
-2 flog ^ + ^] - flog ^ + ^ V flog ■ 



log 1 



n + 1 Ln+i{q)J V Ln{q) J \ n + 2 L„+2(g) 



< 



1 4 2 2 



{n + iy Ln+i{q) Ln{q) ^n+2(g) 
If n ^ 6 and g ^ 9, then by (2.4) we have 

, , , 72-2 9 n2-6n + 8 o - 12n2 + 44n - 48 . 8 , 
> 8 + ^8^ + 8=^ + 8^ = -P{n) 

where 

Pin) = 32n^ - 360n^ + 1276n - 1365. 
Thus, when n ^ 6 and g ^ 9, we have 

21ogiV„+i(g) - logiV„,(g) - logiV„,+2(g) 

1 4x3 2x3 2x3 

^ ~ (n + 1)2 ^ 8P(n + 1) ^ 8P(n) ^ 8P(n + 2) ^ ' 

Since 

we can easily verify that Nn+i{qy < Nn{q)Nn+2{q) for n = 1, 2, 3, 4, 5. 
If n ^ 6 and q ^ 8, then by (2.4) we have 

n-2 n"^ -6n + 8 - 12n^ + AAn - 48 



Lniq) >l 
~48 



n , 2 



2 8 48 

(n^-6n + 32); 

similarly, 

n + 1 n + 2 

L„+i(g) ^ — — (n2-4n + 27) and L„+2(g) ^ — — (n^ - 2n + 24). 
4o 4o 

Thus, when n ^ 389 and g ^ 8, we have 

21ogA^„+i(g) - logiV„(g) - logAr„+2(g) 
1 4 X 48 

< 



(ri + l)2 (n + l)(n2-4n + 27) 

2 X 48 2 X 48 

+ 



n(n2-6n + 32) (n + 2)((n2 - 2n + 24) 
<0. 
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If g ^ 8 and 19 ^ n ^ 388, then it is easy to verify Nn+iiq^ < Nn{q)Nn+2iq) 
via computer. 

In view of the above, we have completed the proof of Theorem 1.1. □ 
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